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Introduction

More algebraic structures were considered as a set of truth values, closed chains and complete
lattices. In particular, the most general and most useful structure in current research is that of
residual lattice.

The concept of residuated lattices was introduced in 1939 by M. Ward and R. P. Dil-
worth as a generalization of the structure of the set of ideals of a ring. These algebras are
a common structure among algebras associated with logical systems. The residuated lattices
have interesting algebraic and logical properties.

A residuated lattice is an algebraic structure which consists both lattice and monoid struc-
tures, and has binary operations called residuations.

This work consist of three chapters.

In the first chapter, we present generalities on ordered sets, lattices and we finish with
Boolean algebras.

In the second chapter, we study residuated lattices and some of its important algebraic
proprieties.

In the last chapter, we study Heyting algebras and certain its proprieties.

v



Chapter 1

Generalities on ordered sets, lattices and

boolean algebras

In this chapter, we present the most basic order-theoretic concepts as binary relations, ordered

sets and lattices.

1.1 Binary relations and their properties

The most direct way to express a relationship between elements of two sets is to use ordered

pairs made up of two related elements.

Definition 1.1 (Cartesian product).
Let E and F' be two sets. The cartesian product of E and F written E X F, is the set of pairs

whose first element is from E and second is from F.
ExF={(x,y):x € F andy € F}.

Example 1.1.
Let {1,3,5} and {2,4,6} be two sets, then their cartesian product is
{1,3,5} x {2,4,6} = {(1,2),(1,4),(1,6),(3,2),(3,4), (3,6), (5, 2), (5,4), (5,6)}.

Definition 1.2 (Binary relation).
Let E and F be two sets. A binary relation from E to F is a subset of E x F.



Remark 1.1.
If R is a relation from a set E to itself, that is, if % is a subset of E* = E x E, then we say

that R is a relation on E, R called binary relation on E.

Example 1.2.
Let E ={1,2,3,4,5}. Define the following relation R on E:

Ry <=z <y.
Then, ® = {(1,2),(1,3),(1,4),(1,5),(2,3),(2,4),(2,5),(3,4), (3,5), (4,5)}.

Definition 1.3 (Inverse relation). [§
Let R be any relation from a set E to a set F. The inverse of R denoted by R™!, is the relation

from F to E which consists of those ordered pairs which, when reversed, belong to R that is,

R ={(y,2) : (z,y) € R},

Example 1.3.
let E = {1,2,3} and F = {x,y,z}. Then the inverse of R = {(1,y),(1,2),(3,y)} is R~ =
{(y.1),(2,1), (y,3)}.

Definition 1.4 (Composition of relation).

Let E, F and G be sets, and let R be a relation from E to F and let ¥ be a relation from F to
G. R is a subset of E X F and ¥ is a subset of F x G. Then R and % give rise to a relation
from E to G denoted by R o X and defined by:

a(R o X)c if for some b € F we have aRb and b¥c.
That s,
RoX = {(a,c)| there exists b € F for which (a,b) € R and (b,c) € X}.

Definition 1.5 (The direct image and the reciprocal image).

Let R be a binary relation on E, and X,Y two subset of E.
o R(X) is called the direct image of the X such that,
R(X)={y € E|F3x € X : zRy}.
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e RU(Y) is called the reciprocal image of the Y such that,

RUY)={z € E|Fz €Y : 2Rz}

Example 1.4.

Let E = {a,b,c,d}, R ={(a,a),(b,a),(c,b),(d,d)}, X ={a,c,d} andY = {a,b}, then
R(X) = {a,b,d} and R7'(Y) = {a,c}.

Theorem 1.1. [19]

Let R be a relation from E to F, Ey and Es two subsets of E, then

(i) If By C Es, then R(E;) C R(E,).
(ii) R(E; U Ey) = R(E)) UR(E,).
(iii) R(E) N Ey) C R(Ey) N R(Ey).
Proof :

(i) If y € R(EL), then 2Ry for some x € E;. Since E; C Ey, then x € Es, thus y € R(E,).
Then (i).

(ii) If y € R(E} U Ey), then by definition Ry for some z in £y U Ey. If x is in Ey, then since
xRy we must have y € R(E)). By the same argument, if x is in Fs, then y € R(E,). In
either case y € R(F1) UR(Ey). Then R(E; U Ey) C R(E;) UR(E,).

Conversely, since £y C (E; U Ey), by (i) R(E,) C R(E, U Ey). Similarly, ®(E,) C
R(Ey U Ey). Thus R(E,) UR(E,) € R(E; U Es). Then (ii).

(iii) If y € R(EL N Ey), then for some x in Ey N Ey, xRy. Since z is in both E; and Es, it
follows that y is in both ®(E;) and R(E»), that is y € R(E;) N R(E2). Then we have
(i)

Remark 1.2.

In general, the inverse inclusion in (iii) does not hold.

Example 1.5.
Let By = {2}, Ey = {1,3} and ® = {(1,2),(2,¥),(3,y)}. We have R(E, N Ey) = R(D) = 0,
R(E1) = {y} and R(E») = {y, z}, then R(E1) NR(Es) = {y}, so R(E1) NR(E2) € R(EL N Es).

3



Proposition 1.1.

Let R and > two binary relations on E, then
(i) RCE=R'cx "
(ii) (ZoR)'=R"ToX".
Proof :
(i) If (y,2) e R = (v,y) e R= (z,y) € X = (y,x) € 271.
(i)
(z,9) € (XoR) ' <= (y,7) € Lo R
< dt € E: yXt and tRz
= HeE:tY'yand Rt

A ek xR tand tly

— (z,y) € R 'oX).

Definition 1.6.

Let R a binary relation on E, then R is:

(1) reflexive if (xv,z) € R, for all z € E.

(2) irreflezive if (x,x) ¢ R, for all x € E.

(3) symmetric if (x,y) € R <= (y,x) € R, for all z,y € E.

(4) antisymmetric if (z,y) € R and (y,z) e R =z =y, for all z,y € E.
(5) asymmetric if (x,y) € R = (y,z) ¢ R, for all z,y € E.

(6) transitive if (x,y) € R and (y,z) € R = (z,2) € R, for all z,y,z € E.

1.2 Ordered sets

1.2.1 Order and strict order

Definition 1.7 (Order).

A partial order (or just an order ) on a non-empty set E is a binary relation < on E that is
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reflexive, antisymmetric and transitive. In this case, the pair (E, <) is said to be a partially

ordered set or poset (an ordered set).
Example 1.6.

1. Let A be a collection of subsets of set S. The relation C is a partial order on A, so (A, C)

1S a poset.

2. Let Z* be the set of positive integers. The usual relation < (less than or equal to) is a

partial order on Z*, so (Z1,<) is a post.

Definition 1.8 (Strict order).

A relation < on E is a strict order if it is irreflexive and transitive.

Definition 1.9 (Total order).
A relation R on E is a total order if every x,y € E are comparable, that is, x <y ory < x. In

this case, the pair (E, <) is said a totally ordered.

Definition 1.10 (Dual order).

Let (E, <) an ordered set, we can define a relation denoted by >, such that
Va,y € B, (z,y) €2+= (y,2) €< .

Definition 1.11 (Chain and antichain). [1§]
Let (E, <) be a poset.

e A non-empty subset S of E is a chain in E if S is totally ordered by <.

o A non-empty subset S of E is an antichain in E if every two elements of S are incompa-

rable.
Example 1.7.
1. N with the usual order is a chain.

2. P(E) with the inclusion relation does not a chain.



1.2.2 Morphism of ordered sets

Definition 1.12 (Morphism). [19]
If (E,<g) and (F,<p) are two ordered sets, then we say that a mapping f: E — F is a

morphism ( isotone or order-preserving) if

(Vz,y € E) v <py = f(z) <p [(y).
An antitone (or order-inverting) if

(Vo,y € E) x <py = [f(z) 2r f(y)-

Example 1.8.
Let f: (D(6),|) — (D(30),]) a map define by f(n) = 2n, Vn € D(6). fis a morphism.

Definition 1.13 (Isomorphism).

Let (E,<pg) and (F,<p) be two ordered sets, a mapping f: E — F is called an isomorphism
if

2. fis bijective.

1.2.3 Extremal elements of ordered sets

Definition 1.14 (Maximal and minimal elements). [1§/
Let (E, <) be a partially ordered set.

o A mazimal element is an element m € E that is not less than in any other element of E
that is,

reEm<r=—m=uc.

A mazimum (largest or greatest) element m in E is an element that greater than in any
other element of E that is,

re bl — x<m.

o A munimal element is an element n € E that does not greater than in any other element
of E that is,

relFrx<n=—zxz=n.
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A minimum (smallest or least) elementn in E is an element less than in all other elements
of E that 1s,

reF—=—=n<uz.

Example 1.9.

1. The poset Z with the usual partial order < has no maximal elements and has no minimal
elements.

2. The poset R with the usual partial order < has 0 a minimal element and has no mazimal

elements.

Definition 1.15 (Upper and lower bounds). ,@/
Consider a poset E and a subset A of E.

o An element x € E is called upper bound of A if a < x for all a € A.

o An element x € E is called lower bound of A if v < a for all a € A.

Definition 1.16 (Supremum and infimum). [19]
Let E be a poset and A a subset of E.

e An element x € E is called a least upper bound (supremum) of A if x is an upper bound

of A and x < a, whenever a is an upper bound of A.

e An element x € E is called a greatest lower bound (infimum) of A if x is a lower bound

of A and a < x, whenever a is a lower bound of A.

1.2.4 Hasse diagram

Definition 1.17. ,@/
Let (E,<) be a poset. Then y covers x in E if x < y and there is no element in lies strictly
between x and y, that is

r<z<{y=2z2=x 0or 2 =19.

Definition 1.18 (Hasse diagram).
Many ordered sets can be represented by means of a Hasse diagram. In such a diagram we
represent elements by points, we join the points representing x and y by an increasing line

segment.



Example 1.10.
Let E = {1,2,3,4,6,12} be the set of positive divisors of 12. If we order E in the usual way,

we obtain a chain. If we order E by divisibility, we obtain the Hasse diagram:

12
6 4
3 2
Figure 1.1

1.3 Lattices

Many important properties of an ordered set E are expressed in terms of the existence of certain
upper bounds or lower bounds of subsets of E. Two of the most important classes of ordered

sets defined in this way are lattices and complete lattices.

1.3.1 Basic notions

We shall be particularly interested in ordered sets (X, <) in which sup{z,y}, inf{z,y} exist
for all z,y € X.

Notation 1.1.
Looking ahead, we shall adopt the following neater notation: we write x\Vy in place of sup{x,y}

when it exists and x Ny in place of inf{x,y} when it exists. Similarly, we write /'S (the join

of S) and NS (the meet of S) instead of supS and infS when these exist.

Definition 1.19. [7/
Let (X, <) be an ordered set.

o [fxVy, x Ny exist for all z,y € X, then (X, <) is called a lattice.

o IfVS, NS exist for all S C X, then (X, <) is called a complete lattice.



Example 1.11.

1. (N*)|) is a lattice with x V y = ppem(x,y) and x Ay = pged(z,y) for all x,y € N*.
2. Every chain is a lattice such that xV y = max(x,y) and x Ay = min(x,y).
3. Let E wn the Hasse diagram follow:

Figure 1.2

FE is not a lattice.

Definition 1.20.

Let L be a lattice and A C L. A is called sublattice of L if for all x,y € A, x ANy € A and
xVyeA.

Theorem 1.2. m/
Let L be a lattice. Then for all a,b,c € L, V and A satisfy,

aV (bVe)=(aVb)Vc
(L1) (associative laws )
aN(bNc)=(aNb)Ac

avVb=0bVa

(L2) (commutative laws )
aNb=bANa
aVa=a

(L3) (idempotency laws )
aNa=a
aV(aNnb)=a

(L4) (absorption laws )
aN(aVb)=a



Proof :
(L1)
e We prove aV (bVe)=(aVb)Ve
Let s=aV (bVc), then we have a < sand bV ¢ < s, then b < s and ¢ < s, hence a Vb < s
and ¢ < s. So s is an upper bound of the {a V b, c}.
Let M be an upper bound of the {a V b, ¢} such that M # s, then a Vb < M, hence a < M
and b < M, and we have ¢ < M, then a < M and bV ¢ < M, then s =a V (bV ¢) < M, hence
s is a least upper bound of the {a V b,c}. SoaV (bVe)=(aVb)Ve.
e The same method for a A (bA¢) = (a Ab) Ac.
(L2) and (L3) are evident.
(L)
e We prove a V (a A b) = a:
We have a Ab < a and a < a, then a is an upper bound of the {a,a A b}.
Let M be an upper bound of the {a,a A b} such that M # a, then a < M and a Ab < M,
hence a is a least upper bound of the {a,a Ab}. So aV (a Ab) = a.

e The same method for a A (a V b) = a.

Theorem 1.3. ,@/

Let (L,\,V) be a non-empty set equipped with two binary operations which satisfy (L1) and
(L2) from Theorem[1.3.

(i) For all a,b € L, we have a NV b =10 if and only if, a Nb = a.
(ii) Define < on L by a <b ifaVvb=>b. Then < is an order relation.

(1ii) With < as in (ii), (L, <) is a lattice in which the original operations agree with the induced

operations that is, for all a,b € L,

aV b= sup{a,b} and a Nb=inf{a,b}.

Proof
(7) Assume a V b = b. Then,
a=aA(aVb) (by (L4))

a=aAlb (by assumption)

10



Conversely, assume a A b = a. Then

b=>bV (bAa) (by (L4))
=bV(aND) (by (L2))
=bVa (by assumption)
=aVb (by (L2))

(i7) Now define < as in (ii). Then < is reflexive by (L3), antisymmetric by (L2) and transitive
by (L1).

(1ii) Let sup{a,b} = s =a Vb, we have a < s and b < s, then a Vb < s. So s is an upper
bound of the {a, b}.

Let M be an upper bound of the {a, b} and M # s, thena < M and b < M, hence aVb=s < M,
then s is a least upper bound of the set {a,b}. So sup{a,b} =s=aVb.

The characterization of inf is obtained by duality (again).

1.3.2 Morphism of lattices

Definition 1.21 (Morphism). [7/
Let Ly and Ly be lattices. A map f: Ly — Lo is said to be a morphism if f is join-preserving

and meet-preserving, that is, for all a,b € Ly

f(avb) = f(a) Vv f(b) and f(a Ab) = f(a) A F(b).

Proposition 1.2. [1§/
A monotone map f: L1 —> Lo between lattices need not in general preserve meets and joins.

FEven an order embedding need not preserve meets and joins.

Example 1.12.
Let the lattices L1 and Ly of integers defined by the Hasse diagram follow:

12
AN
2 >.r9 2 >.9
YN
1

Figure 1.3
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The map f: Ly — Lo defined by f(n) = n is an order embedding, but
F2v3) = f(12) = 12,

and

f(2)vf(3)=2v3=6.
Hence, f does not preserve joins.

Definition 1.22 (Isomorphism).

Let Ly and Lo be two lattices and f: L1 — Lo. f is called an isomorphism of lattices if,
1. f is a morphism of a lattice.

2. f is bijective.

1.3.3 Filters and ideals

Particularly important sublattices of a lattice are filters and ideals.

Definition 1.23 (Filter). [7/
Let L be a lattice. A non-empty subset F' of L is called a filter if,

(F1) a,b € F impliesa Nb € F;
(F2) a € L,be F and a > b imply a € F.

Remark 1.3.

o A filter is called proper if it does not coincide with L, or called improper.

Definition 1.24 (Principal filter). [1§/
Let L be a lattice and F' C L, F is called principal filter if there is a € L such that F' = F, and

F,={xe€L:x>a}.

Definition 1.25 (Filter generated by a subset). [1§]
Let L a lattice and G C L such that G = {aq, ...,a,}. The filter generated by G denoted by Fg
is the smallest filter of L containing G, that is,

Fo={x€L/3a1,...,a, e GneN":1x>a; A... \Na,}.

12



Remark 1.4.
o [fG={a}, then Fe ={x € L:x>a}=F,.
e If L is a finite lattice, then any filter is principal such that, Fg = Faq.

o (G is called N-incompatible if Fg is improper, i.e. there is a finite number of G, aq, ...

such that a4 A ... Na,, = 0.
e G is called N-compatible if Fg is a proper filter.
Definition 1.26. [1§
e A proper filter F' is maximal if for any filter X C L,
FCXCL=X=ForX=1L.
A maximal filter is also called an ultrafilter.
o A proper filter F is prime if

avVbe F=—ae€ F orbeF.

Proposition 1.3.

Let F' a proper filter, the following assertions are equipped:
1. F is an ultrafiltre.
2. For all x & F, there is y € F such that x Ny = 0.

Definition 1.27 (Ideal). [7/

Let be a lattice. A non-empty subset I of L is called an ideal if
(11) a,b € I impliesaVbe I;
(12) a € L,be I and a <b imply a € 1.

Remark 1.5.
Let L be a lattice, then

e An ideal I is called proper if [ # L (i.e. 1 ¢ 1).

13



o [fac L, I,={x e L:x<a} isan ideal called principal ideal generated by a.

e (G C L, the intersection Ig of all ideals containing G is an ideal namely ideal generated

by G.

o (G is called V-incompatible if I is an improper ideal, i.e. there is a finite number of G,

ai, ..., a, such that a; VvV ...V a, = 1.
o G is called VV-compatible if I is a proper ideal.

Definition 1.28. [1§
Let L be a lattice, then

o A proper ideal I of L is maximal if for any ideal J,

ICJCL=—J=1orJ=0L.

o A proper ideal I is prime if,

aNbel=a€cl orbel.

Proposition 1.4.
Let I a proper ideal, the following assertions are equipped:

1. I is an ideal mazimal.

2. For all x ¢ F, there isy € I such that x Vy = 1.

1.3.4 Main algebraic properties of lattice

Definition 1.29 (Closed lattice).

A lattice is called closed if it has a least element denoted 0 and greatest element denoted 1.

Definition 1.30 (Distributive lattice). [1§/

A lattice L is distributive if it satisfies the distributive laws: for all a,b,c € L,
aN(bVe)=(anb)V(aAc).
aV(bAc)=(aVDb)A(aVc).

14



Example 1.13.

1. Every sublattice of a distributive lattice is distributive.
2. Any chain is a distributive lattice.

3. The lattice (N*,|) is distributive.

4. (P(E),N,U, Q) is a distributive lattice.

d. The lattices N5 and M3 are not distributive.

Figure 1.4

Remark 1.6.

e the only distributive lattices with the five elements are:

! 1
1
1 b c a
bw
a b c
1 0 0
0
Figure 1.5

Theorem 1.4. [@/

If either of the distributive laws holds for all elements of a lattice L, then so does the other.

Proof :

Suppose that the first distributive law holds. Then applying it to the right side of the second

15



distributive law and using absorption gives,

(aVb)AN(aVe)=[(aVbd) ANa]V[(aVb)ACd
=aV[(aVb) A
=aVanc)V(bAc)
=aV (bAc).

Which shows that the second law holds.

Theorem 1.5. ,@/
A lattice L is distributive if and only if, it has no sublattice of either of the forms Ms and Ns.

Example 1.14.
Let L be a lattice defined by the Hasse diagram in Figure 1.6

1

d e

0

Figure 1.6

L is not distributive lattice because it contains a sublattice T of the form N5 (T = {0,a,c,e,1}).

Definition 1.31 (Modular lattice). [1§]

A lattice L is modular if it satisfies the modular law: For all a,b,c € L,
a>c=aN(bVec)=(aNb)Vec.

Example 1.15.
1. Any distributive lattice is a modular lattice.
2. Bvery sublattice M of a modular lattice L is modular.

3. The lattice N5 is modular but Ms is not modular.

16



Theorem 1.6. [19]
A lattice L is modular if and only if, it has no sublattice of the form Ms.

Example 1.16.
Let L be a lattice defined by the Hasse diagram in Figure 1.7:

1

0

Figure 1.7

L is not modular lattice because it contains a sublattice S of the form Ms (S = {0,b,¢,d, 1} ).

Theorem 1.7.

A lattice L is modular if and only if, Vx,y,z € L

TNz=yNz
—x=yorz|y.
tVz=yVz

Theorem 1.8.

L s a distributive lattice if and only if, Vx,y,z € L
TNz=yNz
— T =Y.
rVz=yVz
Definition 1.32 (Complemented elements). [19]
Let L is a bounded lattice, we say that y € L is a complement of v € L if x Ny = 0 and

xVy=1. In this case, we say that x is a complemented element of L.

Definition 1.33 (Complemented lattice). [19]

A lattice L is complemented if every element of L is complemented.

1.4 Boolean algebras

Just as a lattice can be defined algebraically as a non-empty set with two operations A and V

satisfying certain requirements, with no explicit mention of the underlying partial order.

17



Definition 1.34 (Boolean algebra). [1§]

A Boolean algebra is a complemented distributive lattice.

Proposition 1.5.
In a distributive lattice, the complement is unique if there exist.

complements of the same element x then x' = x”.

Proof :

Suppose for x € L, we have two complement 2’ and z” ,then

xANr =0 z A2 =0
and

zVar =1 xVa =

s AN =z Nz
Then —a ="
zVi =xzVa

Example 1.17.

1. (P(X),C) is a Boolean algebra.

2. A bounded chain T is a Boolean algebra if and only if, |T| < 2.
3. (N*,|) is not a Boolean algebra.

Theorem 1.9. [1§/
Let L be a Boolean lattice and a,b € L, then

(i) 0 =1,1"=0 and a" = a.

(ii) (De Morgan’s laws)
(and) =d Vi

(aVvbd) =d AV

(#i) (Order and complements)

a<b<=aAb =0<dVb=1.

In particular,
1. (Order-reversing)

a<b<e==1V<d.

18
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2. (Atoms) if a € A(L), then for any x € L,

a <z ora<z but not both .

Proof :
1vo=1 anad =0

(i) —0'=1,1"=0and = d =a
1A0=0 advVva =1

(i) e (anb)A(@VY)=(aNbANd)V(aAbAY)=(0Ab)V (aAN0)=0V0=0
(anb)V(dVV)=(aVdVV)NDBVIVY)=WVIAGVI)=1A1=1.
Then (a Ab) =d' V.
e (avVbh)V(dANY)=(avbVd)A(aVbVY)=(O0VbA(aV0)=0A0=0
(VO A(AY)=(@Nd ANY)V (DN AY)=0B" A1)V (dAl)=1Vv1=1.
Then (a Vb) =d AV.
(ili) ea<b<=anl =0
(=) anbt <bAV =0, then a Al = 0.
(<) If a ANV =0, then we have:
bV (aAb)=bv0=b= (bVV)A(aVD)=b
— 1A(aVb)=b
—aVb=0

= a <b.

(
(<) If a’ Vb =1, then we have:

aN(@Vb)=aNl=a= (aANd)V(aND)=a
=0V (aAb) =a
—aNb=a

—a <b.
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1. (Order-reversing)

a<b<—=aANb=a
< (aNb) =d
—d Vvt =d
— b <d.
2. (Atoms)

Let a € A(L) and for any x € L, suppose a < z and a < z’. Then a < z Az, then a <0,

then contradiction.
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Chapter 2

Residuated lattices

In this chapter, we study certain necessary concepts: residuated mappings, closures and Galois

connection. In particular, we discuss residuated lattice and a list of their basic properties.

2.1 Residuated mappings

Residuated mappings play a central role throughout this exposition, with fundamental concepts

being presented whenever possible in terms of natural properties of them.

Definition 2.1 (Residuated mappings). [10/
Let E and F be two posets. A map f: E — F 1is residuated if there exists a map g: F — E
such that the following holds for any x € F and any y € F':

f(@) <y <=z <gy).

Proposition 2.1. [19]
Let E and F be two sets, if f: E — F is a residuated mapping, then an isotone mapping g:

F — FE which is such that go f > 1de and fo g <idr is in fact unique.

Proof :
Suppose g and h are each isotone and satisfy these properties.
Then g =idgog < (hof)og=ho(fog) <hoidr=h. Sog<h.
Similarly, h < g and therefore g = h.
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Remark 2.1.

e f and g form a resituated pair, and that g is a residual of f.

e We shall denote this unique g by f.
Example 2.1. ,@/

1. If E is any set and A C E, then Aa: P(E) — P(E) defined by Aa(X) = ANX s
residuated with residual XY given by A3 (Y) =Y U A.

2. For m € N* define f,,- N — N by f,,(n) = mn. Then f,, is residuated with f(p) =
|p/m| where |q| denote the integer part of q € Q.

Lemma 2.1. ,@/
If f: E— F and f*: F — E form a residuated pair, then

(1) fy) = max{z € E': f(x) <y}.

(2) f(z) =min{y € F:x < f*(y)}.

(3) foftof=fandf*ofoft=Fft

Proof :
(1) Obviously, f*(y) is an upper bound of {x € E : f(z) < y}, since f(zx) < y implies
r < fT(y), and it is an element of the set, because f(f*(y)) <.
(2) The proof is obtained dually.
(3) The first equality:
e foftiscontracting i.e. (fof1)(z) < x, by the monotonicity of f then (fofTof)(x) < f(z),
then fo ffof < f.
e [T o fisextensive (i.e. (fT o f)(z) > z) and f is monotone, then fo fto f > f.
foftof<f
Then — foftof=/F.
foftof>f

The second equality is obtained dually.
Lemma 2.2. ,@/
Suppose that f: E — F and f*: F — E form a residuated pair. Then f preserves existing
joins and f+ preserves existing meets. Thus, in particular when both E and F are lattices,

flxNvar)= f(x)V f(xr) for all x,x1 € E and fH(y Ay) = fT(y) A fT(yl) for all y,y! € F.
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Proof :
Assume that the join VX of a subset X of E exists. We will show that f(VX) is the least upper
bound of the set f[X]. By the monotonicity of f, f(VX) is an upper bound of f[X]. If y is an
upper bound of f[X], then f(z) <y for all x € X. By the residuation property x < f*(y), for
all z € X, so VX < fT(y). Again by residuation, we have f(VX) <y.

Likewise, fT preserves existing meets.

Lemma 2.3. [@/

Suppose that both E and F' are complete lattices and that f is a map from E to F. Then, f is
residuated if and only if, f preserves all (possibly infinite) joins. Dually, a map f* from to F
to E is the residual of a map f if and only if, fT preserves all (possibly infinite) meets.

Proof :
One direction follows from Lemma [2.2] For the converse, assume that f preserves all joins.
Define f*(y) = V{z € E: f(z) < y}. Then f(x) <y implies z < f*(y). Note that f preserves
the order, since if z < y, then f(y) = f(z Vy) = f(x) V f(y) > f(z). So, if z < f*(y), then
F(5) < F(FH(), hence f(z) < f(V{z € B+ f(z) < y}) = V{f(2) € B+ f(z) <y} = y.

Likewise, we prove the statement for fT.

2.2 Closures

We now consider an important type of isotone mapping that is intimately related to a residuated

mapping.

Definition 2.2 (Closure operator). [J/

A closure operator on a lattice L is a map f: L — L, that satisfies the following conditions:
(1) f is extensive: x < f(x), for allx € L;
(2) f is monotone: if x <y, then f(x) < f(y), for all x,y € L;

(8) f is idempotent: f(f(x)) = f(x), for all x € L.
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Example 2.2.
Let (X,0(X)) a topological space and o(X) = {set of overt}. X is a closure operator because:

(1) For all X € o(X), we have X C X.
(2) For all A,B € 0(X), if AC B, then A C B.
(8) For all X € o(X), we have X =X.

Definition 2.3 (Interior operator). [/

An interior operator on a lattice L is a map f: L — L, that satisfies the following conditions:
(1) f is contracting: f(x) <z, for allx € L;
(2) f is monotone: if x <y, then f(x) < f(y), for all x,y € L;

(3) f is idempotent: f(f(x)) = f(x), for all x € L.

Example 2.3.
Let (X,0(X)) a topological space and o(X) = {set of overt}. Int(X) is a interior operator

because:
(1) For all X € 0(X), we have Int(X) C X.
(2) For all A,B € 0(X), if A C B, then Int(A) C Int(B).
(3) For all X € 0(X), we have Int(Int(X)) = Int(X).

Lemma 2.4. ,@/
If f: E— F and f*: F — E form a residuated pair, then f* o f is a closure operator and

f o f* is an interior operator.

Proof :
Forx € E, f(z) < f(z), so z < f*(f(z)) by the residuation property. Likewise, fo f*(z) < .
If 2,y € E and z <y, then 2 <y < fT(f(y)), so f(x) < f(y) by residuation. Likewise, T is
monotone. Then f*o f and fo f™ are monotone. Moreover, for all z € E, fo f*(f(z)) < f(x),
since fo f* is contracting; so fH(f(fT(f(x)))) < fT(f(x)), since f* is monotone. The reverse
inequality follows from the fact that f o f is extensive, hence f* o f is idempotent. Likewise,

f o fT is idempotent.
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2.3 Galois connections

We now present a concept that is intimately related to that of a residuated mapping.

Definition 2.4 (Galois connection). [1J/
Let E, F two ordered sets and an antitone mappings f: E — F and g: ' — E, we say that

the pair (f,g) establishes a Galois connection between E and F if fog > idr and go f > idg.

Example 2.4. [19]
Let S be a semi-group with a zero element 0. For every A C S define respectively the left and

right annihilators of A by:
L(A)={x€ S:(Vae€ A) xza=0} and R(A) ={x € S : (Va € A) ax = 0}.

If A = {x} we shall write L(z) for L({x}), and similarly R(zx) for R({z}). The mappings
LR : P(S) — P(S) so defined are both antitone and as can readily be verified, we have
idps)y < Lo R and idpsy < Ro L. Then (L, R) is a Galois connection.

2.4 Residuated lattice

A residuated lattice is an algebraic structure which consists both lattice and monoid structures,
and has binary operations called residuations. In this case, we consider the mappings f,, fy+ :

L — L defined by f,(r) =z xy and f(v) =2 — y , for any x,y € L.

2.4.1 Basic concepts

We review some basic concepts are needed in the later sections.

Definition 2.5 (Residuated lattice). [16]

A residuated lattice is an algebra (L, N\,V,*,—,0,1), or simply, (L,*,—) where

(RL1) (L,A,V,0,1) is a lattice (the corresponding order will be denoted by <) with the least

element 0 and the greatest element 1;

(RL2) (x,—) forms an adjoint couple on L, i.e. for any a,b,c € L:
e [fa<bandc<dthenaxc<bxd,
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e [fb<cthena—b<a—c,
e [fa<bthenb—c<a—c,

eaxb<c<=a<b—c (adjointness condition).

(RL3) (L,*,1) forms a commutative monoid, i.e. for any a,b,c € L,
o (axb)xc=ax(bx*c);
eaxb=0bxa;

e lxa=a.

Example 2.5.

Let L ={0,a,b,c,1} with 0 < a,b < c <1, but a and b are incomparable.

Figure 2.1

Then (L, \,V,*,—.,0,1) is a residuated lattice, where — and * are defined as in the tables:

—10]lalb|c|1 x [ 0flal|b|lc|l
O (1]1]|1|1]1 0[0]0|0|0]O
a |[bD|1]b]|1]1 a|0]la|0|a]a
b lala|l|1]|1 b 0|O[b|b]|D
c|0jalb|1l]1 c|0]alblc]|c
1 10jalblc|l 110jalb|c|l

Proposition 2.2.
Let (L,A\,V,x,—,0,1) be a residuated lattice, for all z,y € L:

(i) x > y=max{z € L:xxz <y}
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(i) xxy=min{z € L:x <y — z}.

Proof :
Let (L, A, V,*,—,0,1) is a residuated lattice, then we have (RL1), (RL2) and (RL3) .
(1) We have : © — y < x — y, then by (RL2) z*(x — y) <y, thenx -y € {2z € L:xxz <y}
Letme{z€L:xxz<y}, then xxm <y<=m <z —y (by(RL2)).
Finally, x - y = max{z € L : xx z < y}.
(17) we have yx x < yxx, then by(RL2) x <y — (y*x), and y * x = z*xy (% is commutative),
thenzxye{ze L:x<y— z}.
Lette{ze Lz <y—zhthenz<y—st<—=yse<t<zxy <t (by (RL2)).

Finally x xy = min{z € L: x <y — z}.

Definition 2.6. ,@/
A totally ordered (linearly ordered) residuated lattice will be called chain.

Definition 2.7. [@/

o A residuated lattice is called distributive if it has a distributive lattice.

A residuated lattice is called complete if L is a lattice complete.

A residuated lattice satisfies the prelinearity axiom if and only if, (x — y)V (y —» z) =1
holds.

A residuated lattice is divisible if and only if, t Ny = x * (x — y). It can be shown that
diwvsibility is equivalent to the following condition: for each x < y there is z such that

rT=1Yx%Z.

A residuated lattice satisfies the law of double negation (and is called integral) if and only
if, v = (x — 0) — 0 holds.

A residuated lattice has square roots if there is an unary operation Y/ satisfying:

(1) 21?5 2'/? = a;

(2) y*y <z implies y < z'/2.

A Heyting algebra is a residuated lattice where x xy = x A y.

A BL-algebra is a residuated lattice which is divisible and satisfies the prelinearity axiom.
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o An MV-algebra is a residuated lattice in which x vV y = (x — y) — y holds.

2.4.2 Some properties of residuated lattices

We always suppose that L is a bounded lattice with the smallest element 0 and greatest element
1, x and — are two binary operations on L. In addition, we often use the following derived

operations:

a®=1,a"=a"'xa,n e N abec L.

Proposition 2.3.

Let L be a residuated lattice, then we have the following proprieties for all x,y,z € L:
(Rl) x<y<—=x—y=1;

(R2) v - 1=1;

(R3) © — x =1;

(R}) v <y — x;

(R5) 1 =z =ux;

r—y=1
(R6) ==y
y—ax=1

(R7) zx(x —y) <y, z<(r—y) —vy;

(R8) xxy < x,y;

(R9) x <y implies, y > 2<x— 2z, z—>r<2z—=Y;
(R10) © = (y = 2) = (x*xy) > 2=y = (x — 2);

(R11) xx(y = 2) <y — (x*2) < (z*xy) = (v *2).
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Proof :

(R1) (=) It suffices to see that x x 1 = x < y, this implies 1 < = — y (by (RL2)), then
r—y=1

(=)

r—=y=1=>WvVt t<zx—y
=Vt axxt<y (by (RL2))
—t=1 xx1<y

=<y (because (L,*,1) is a monoid).

(R2) We have x <y <=z — y =1, we replace y by 1, we obtain z <1 <=z — 1 = 1.
(R3) We have x < z, then by (R1) z — x = 1.

(R4) We have y < 1, then y < z — x (because z — x = 1), then by (RL2) y x 2 < z, then

x € {z:yx*z < x} with the greatest element is y — z, then z <y — x.

(R5) We have y — = <y — x, then y x (y — z) < x, we replace y by 1, we obtain 1% (1 —
z) <z, then 1 -z <z. And by (R4) we have x <1 — 2. So 1 - x = x.
r—y=1 r <y

(R6) We have — ==y
y—x=1 y<uw

(R7) @ We have x — y <z — y, then by (RL2) z x (x — y) < v.
e We have = % (x — y) <y, then by (RL2) z < (z — y) — ¥.

(R8) We have z < z and y < 1, then z x y < x (x is monotone).

Similarly for x xy < y.

(R9) @ We prove if z <y theny — 2z <z — 2.
We have x — z =max{t € L:yx*t < z}.
x — z is an upper bound of the set {t € L : yxt < z}, then t <x — z. Let t € L such
that y ¢ < z, then by (RL2) t <y — z. Theny — 2 <z — z ( x — z is an upper
bound).

e Using the same method if z < y then z -z < z — y.
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(R10) e We prove z — (y — 2) =y — (v — 2)
t<z—-(y—z2)iffext<y—ziff (zxt)xy<ziffex(txy) <zifftxy <z — ziff
t<y—(z— 2).
r—=(y—z2)<z—(y—2) y—>(x—z2)<z—(y—2)
we have — _— r =
y—>(x—z2)<y—(r—2) = (y—z2)<y—(r—2)
(y—2)=y— (v — 2).
e Weprove z — (y — 2) = (z*xy) = 2
t<(rxy)—=ziff (zxy)xt<ziff zxt<y—ziff t <z — (y — 2).

r—(y—z2)<z—(y—2) r—(y—2) < (rxy) =z
We have — — r —
(rxy) = 2z<(x*xy) =z (rxy) = z2<x— (y— 2)

(y—=z2)=(xxy) — 2.

Thenz — (y = 2) = (zxy) > 2=y — (z — 2).

(R11) @ We prove z (y — 2) <y — (r* 2) :
We have y — z <y — z, then by (RL2) yx (y — 2) < z then (zxy)* (y = 2) <z x*xz
then z* (y — 2) <y — (z x 2).
e We provey — (z%x2) < (xxy) = (xx2):

We have by (R8) z*y <y, then by (R9) y — (x % 2) < (z*xy) = (x * 2).

Proposition 2.4. [16]

Let (L, *,—) a residuated lattice. The following two properties hold:
(i) xx(yAz)<(xxy) A(xx2z);
(ii) © — (yNz)=(zr—y)A(x— 2).

Proof :
yANz<uy rx(yNz) <zxy

(i) We have — = ox(yNz) < (z*xy) A (zx*2).
yANz<z rx(yNz)<wzxz

(ii) e Let F={te L:(z —y)A(x— z) <z — t} with the greatest element denoted by ¢'.

yeF  (because (x = y) AN (x = 2) <z —y) y <t
We have - — y ANz <

zeF (because (x = y) AN (x — 2) <z — 2) z <t
V=yNzeF= (z—=>y)AN(x—2)<z—(yAz2).

YNZ<Y 4y roy) |2 (WAZ) ST =y
RS

e We have = > YNz)<(z =y A(r—

yNz<z r— yYNz)<x—2z

30



Then Frn sl yne= ) =z (yNz)=(r = y) A(x— 2).
(x—=yYAN(Ex—=2)<zx—(yAz)
Proposition 2.5. ,@/

In a residuated lattice L the following assertions are equivalent :
(i) x* =z for every x € L;
(i) v+ (r —y)=x*xy=1xAy for every x,y € L.

Proof :
(i) = (i1) Let =,y € L, we have by (R11)

zx(x =y <(rxxz) > (xxy) <= z*x(r—y) <z —(r*xy)

—r—oy<z—(r—(rxy) (byRL2)
S r—oy<(rxzr)—(rxy) (by R10)
=a—y<a®— (vxy)
= r—oy<z—(rxy)
= rx*(r—y) <z*y.

We have by (R4) y <z =y, then xxy <z x(x — y), s0o z* (r = y) =z *y.

To prove x xy = x A y:

We have by (R8) zxy < x,y, then zxy < x Ay.

We have z Ay < z,y, then z Ay = (z Ay)? < x *y.

Then zxy =x Ay.

(it) = (i) Tt suffices to take x = y we obtain z xx =z Ax = v < 2% = 1.

Proposition 2.6. ,@/
(L,A\,V,%,—,0,1) is a residuated lattice if and only if,

(i) (L,N,V,0,1) is a bounded lattice;

(ii) (L,—,1) satisfies:
r=1—uz,

r— (y—=2)=y— (r—2).
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(iii) * and — satisfy the adjointness property.

Proof :
(=) It is easy to see that (i), (i), and (i77) hold in any residuated lattice.
(«<=) It suffices to show that (z), (ii), and (zi¢) imply that (L, *,1) is a commutative monoid.

Let z,y, z,t € L, we have:

e rx1 <tiffx <1—tiff # <t (becauset=1— t).

zxl <xxl zxl <z
Then we have — — rxl=ux.

r<zx r<axxl
erxy<tiffe<y—-tif 1<z—->(y—-0)if 1<y—(r—t)(by @@))iffy<x—t
iff yxax <t.

TxyYy < xT*Y TxyYy < Yxx
Then we have — = TkY=Y*T.

yxx <y*xw yxxr < x*xy
e rx(yxz)<tiffysxz<z—otiffy<z— (z—t)iff y <z — (z = 1t) ( by (i)) iff
rxy <z—tiff (xxy)*xz <t
rx(y*xz) <x*(y*z2) rx(yxz) < (xxy)*z

Then we have = = zx*(y*x2z2) =
(xxy)*xz < (r*xy)*z (xxy)xz<z*(y=xz2)

(x*xy)xz.

Then (L, *,1) is a commutative monoid.

Theorem 2.1.
Let Wy, = (0,1, ...,k — 1). Then (Wy,V, A, *,—,0,k — 1), where

0 ifo+y<k-—1;
z Ay =min{z,y} , THY=
(x+y)—(k—=1) ife+y>k—1
k—1 if x < y;
zVy=max{x,y}, T —y=

(k—1)—xz+y ifz>uy.
15 a residuated lattice.
Proof :
e It is easy to see that (Wj,V, A, x,—,0,k — 1) is a bounded lattice.
e Since, + is commutative and associative, then % is commutative and associative. Also, for

any © # 0, x+ (k—1) > k—1implies that xx (k—1) =2+ (k—1)—(k—1) =z, ie (k—1)
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is the identity and so (W, *, (k — 1)) is a commutative monoid.

e Hence, it is enough to show that (%, —) are adjoint pair. Let x,y,z € Wy and z xy < z.
fy<z,thenz<k—-1=y— 2

Ify>z

-lfzxxy=0,thenzc+y<k—1,thenax<(k—1)—y<(k—1)—y+z=y— 2.
-lfaexy=(x+y)—(k—1),thenz*xy = (x+y)—(k—1) <z, thenz < (k—1)—y+2z=y — z.
Conversely, let v <y — z.

fr+y<k—1,thenxxy=0<z

fext+y>k—-1:

-Ify <z thenz+y<z+z andsoweget k—1<z+4+y<z+z<(k—1)+ z thus
r+y<(k—1)+z thenzxxy=2x+y—(k—1)<z

-lfy>z thena<y—z=(k—1)—y+z thenaxxy=oc+y—(k—1) <z

2.4.3 Morphism of residuated lattices

Definition 2.8 (Morphism).
Let Ly and Ly be two residuated lattices. A function h: Ly — Lo is called a morphism
of residuated lattices if and only if, it is a morphism of bounded lattices and a morphism of

monoids and it satisfies: for all z,y € L1, h(x — y) = h(z) — h(y).

Definition 2.9 (Isomorphism).

An isomorphism between two residuated lattices is a morphism of residuated lattices bijective.

Theorem 2.2. [§]

All residuated lattices with the same cardinality are isomorphic.

Proof :
Let (Li,Ar,,ViL,s %L,y —1,,01,,11,) be a residuated lattice and let L, be the set with the
same cardinality as L;. Then there exists a bijection f: L; — Lo, put 07, = f(0z,) and
1y, = f(1g,). Since for any y;,ys € Lo there exist z1,z9 € Lj such that y; = f(x;) and

Y2 = f(x2) on Ly we can define the following hyper-operations:
Y1 Vi, Y2 = f(01 Vi, ¥2), 91 AL, Y2 = f(21 AL, ).

Y1 %L, Yo = fa1 %0, Xo), 1 =1, v2 = f(Xq =1, Xo).
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(Lo, ALyy Vi, *Lys =1y, 01,, 11,) is a residuated lattice. The map ¢: L; — Ly defined by

@(x) = f(x) is an isomorphism between these two residuated lattices.

2.4.4 Filters and ideals of residuated lattices

Definition 2.10 (Filter).
A non-empty subset F' of a residuated lattice L is called a filter if it satisfies, for any z, y in L

(F1) (xe Flye F)=xxy € F,;
(F2) (x <y, xe€F)=yeF

Example 2.6.

1. For any residuated lattice L, {1} and L are filters of L.

2. Let L = {0,a,b,c,1} a residuated lattice, the Hasse diagram of L is defined in Figure .
Then Fy = {c,1} and Fy» = {a,c,1} are filters of L.

Definition 2.11.
Residuated lattice L is called simple, if the only filters of L are {1} and L.

Proposition 2.7. ,@/

Let L be a residuated lattice, G C L a non-empty subset and a € L, then
(i) Fq is a filter generated by G such that, Fg ={x € L: ay * ... ¥ a, < z, Vay, ...,a, € G}.
(ii) F, is called principal filter generated by a such that, F, = {x € L: a" < x,Yn € N*}.
Proof :

(i) e G C Fi:

Let a; € G, we have a; € L and a} = ay * ... ¥ a; < ay, then a; € Fg. Then G C Fg.
—_———

n terms

e F is a filter:

Let z,y € Fg, then there exists a;,b; € G (i = 1,...,n;j = 1,...,m) such that a;*..xa, <z
and by % ...x b, <y, then ay *...xa, by *...xb,, < zxy (x is monotone), then zxy € Fg.
Then we have (F1).

Let z,y € L and z < y. Let x € Fg, then a; ... xa, < z, Vay,...,a, € G, then

ar * ... % a, <y, then y € Fiz. Then we have (F2).
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e [ is the smallest filter of L containing G-
Let F a filter of L containing G. Let x € Fg, then a1 * ... xa, < x for all ay,...,a, € G,
then ay x ... xa, <z for all ay,...,a, € F (because G C F), then a; *...xa, € F (because

F is afilter), then z € F. Then Fy C F.
(ii) It suffices to take G = {a}, we obtain Fg = F,.

Definition 2.12.

Let L be a residuated lattice.

o We say that F C L is a maximal filter if

1. F# L;

2. For any filter X CL, FCXCL=—X=F or X = L.
e We say that F C L is a prime filter if

1. F# L;

2. Ifr,ye LandxVyeF, thenx € F ory € F.

Definition 2.13. [@/

A residuated lattice is said to be local if and only if, it has exactly one maximal filter.

Notation 2.1.
Looking ahead, we shall adopt the following neater notation:
o' =1x—0.

erdy=21 —y.

Definition 2.14 (Ideal).
Let L be a residuated lattice and I C L. I is said to be an ideal of L if I satisfies:

(I1) For any x,y € L, ifx <y andy € I, then x € I;
(12) For any x,y € I, x dy € I.

Example 2.7.

1. For any residuated lattice L, {0} and L are ideals of L.

2. Let L = {0,a,b,c,1} a residuated lattice, the Hasse diagram of L is defined in Figure .
Then I, = {0,a} and Iy = {0,b} are ideals of L.
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Theorem 2.3.
Let L be a residuated lattice. I is an ideal of L if and only if, I satisfies following conditions:

(13) 0 € I;

(14) For any x,y € L, ife'xy € [ andx € I, then y € I.

Proof :

Suppose I is an ideal of L. It follows from (I1) that 0 € I, so (I3) holds. Let x,y € L such that
¥'®y € I andx € I. Observe thaty — (z®(2'xy)) =y — (2/ — (2'xy)) = (y*x2') — (y*2') =1
(by (R10)), we have y < = & (2’ xy). Asx' xy € I and x € I, it follows from (12) that
r@ (' xy) € I, hence by (I1) y € I. Therefore, (I14) holds.

Conversely, Let x,y € L such that xt <y andy € I, theny <2’ and y xx < 2’ xx = (v —
O)kxx=xx*(x—0)<0 (by (R7)), then ' xx, soy' xx=0€ 1, by (I4) y € I we have x € I,
that is (I11) holds.

Assume x,y € I. Since 2’ x (x @ y) =2 * (' = y) <y (by (R7)) and y € I, by (I1) we have
o x(xdy) e l. It follows from (I14) that x &y € I.

Theorem 2.4.
Let G be a non-empty set of a residuated lattice L. Then
Ig={aceL:a<(..((v1®x2) Dx3)...) Dy, x; € Gyi =1,2,....,n}.

Proof :

e G Clg:

Let a; € G, we have by (R8) a1 * (...((a1 ® a1) ® ay)...) ® a1)’ < ay, then a; < (...((a1 B a1) B
ap)...) @ ay) — aq, hence a; < (...((a1 ® a1) B ay)...) ® ay) ® ay, then a; € Ig. So G C Fg.

e /- is an ideal:

Obviously, 0 € Ig. Let 2’ xy € I and x € Ig, then there exists a;,b; € G (i = 1,...,n;j =
1,...,m) such that 2/ xy < (...((a; ® a2) ® a3)...) D a, and x < (...((by B b2) B b3)...) B by,

We have 2’ > ((...((by @ bg) @ b3)...) ® by,)

and
y<az' = (..((a1 ®az) ®ag)...) Day,
S ((((bl &P bg) P b3)> P bm>, — (((a1 &P CLQ) P ag)...) D a,

< (.((b1 D be) D b3)...) Dby, @ (...((a1 B az) B az)...) ® ay,.
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Therefore y € I and so I is an ideal of L.

e [ is the smallest ideal of L containing G:

Let I an ideal of L and G C I. For any x € Ig there exists a; € G (i = 1,...,n) such
that < (...((a1 ® az) ® as)...) ® a,. Since for all i = 1,...;n we have a; € I, then by (I12)
(...((a1 @ az) @ a3)...) @ a, € I, then by (I1) x € I. Then I C I.

Corollary 2.1.

For any element a of a residuated lattice L, we have

I,={aelL:a< (...\((a@a)@a)...)@ci,nEN*}.

n terms
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Chapter 3
Heyting algebras

In this chapter, we study some important concepts: implicative algebra, positive implicative

algebra. In the last, we study Heyting algebra and some proprieties.

3.1 Implicative algebra

Definition 3.1 (Implicative algebra).
An algebra (A, —,1) of type (2,0) called implicative algebra if it satisfies the following condi-

tions:

(I11) a - a=1;
a—b=1

(12) —a—c=1;
b—c=1
a—b=1

(13) = a = b;
b—a=1

(I4) a —1=1.

Example 3.1.

e Fvery chain with the greatest element is an implicative algebra.
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Proposition 3.1.
We define a < b<=a—>b=1.

(A, <) is an ordered set with the greatest element 1 if and only if, A is an implicative algebra.

Proof :

Let A an ordered set, then we have:

ea—a=1(a<a)

a—b=1 a<b
° - —a<c=a—c=1;
b—c=1 b<c
a—>b=1 a<b
° = —> a = b;
b—a=1 b<a

e a — 1 =1 (because YVa € A a < 1).
Conversely, if we consider an implicative algebra A, then

e Reflexivite: a <a (a—a=1);

a<b a—b=1
e Antisymetric: — = a=10
b<a b—a=1
a<b a—b=1
e Transitivité: = —a—c=1=a<cq
b<c b—c=1

e Vac Aja<l(a—1=1).

Proposition 3.2 (Modus ponens).

a=1

== b=1.
a—b=1
Proof :
b—1=1 (byl4

Bl sy,
1—-b=1
Remark 3.1.

The rule of modus ponens is valid for all logic.
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3.2 Positive implicative algebra

Definition 3.2 (Positive implicative algebra).
An algebra (A, —, 1) of type (2,0) called positive implicative algebra if it satisfies the following

conditions:
(P1) a = (b—a)=1;

(P2) (a— (b—c¢)) — ((a—=b) = (a—c)=1;

a—b=1

(P3) == a=0b;
b—a=1

(P4) a—1=1.

Example 3.2.

Let (X,0(X)) a topological space and o(x) = {set of overt}. Then (o(X),—,1) is a positive
implicative algebra such that for all A, B € 0(X), A— B = Int(BUCA)

Proposition 3.3.

Any positive implicative algebra is an implicative algebra.

Proof :
(I1): Replace ¢ by a in the (P2) we obtained:
(a—= (b—=a)—=((a—=b) —=(a—a)=1
1= ((a—b—(a—a)=1(a— (b—a)=1by (P1))
(a —b) = (a = a) = 1 (by modus ponens)
Replace b by a — a
(a—(a—a)— (a—=a)=1
1 = (a—a) =1 (because a — (a — a) = 1 by (P1) )
a — a =1 (by modus ponens).
(I2): Suppose a »b=1and b—c=1
(a— (b—c) = ((a—=b) = (a—c) =1 (by (P2))
(a—1)—=1—=(a—c)=1
l-1—=(a—¢)=1

1 — (a — ¢) =1 (by modus ponens)
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a — ¢ =1 (by modus ponens).

We have (I3) by (P3) and (I14) by (P4).

Remark 3.2.
The inverse of the Proposition[3.3 is false.

Example 3.3.
Let A ={0,a,b,1}, where — defined in the table:

- |0]a|b|1
O |1 (1/1]1
a |01 ]1]1
b |00 |11
1 10]0|0]1

Then (A, —,1) is an implicative algebra but is not a positive implicative algebra because a —

(b—a)=04#1.

Proposition 3.4.

In a positive implicative algebra the following conditions hold for all a,b,c € A:
(P5) a <b— a;
(P6) a <b—c<=b<a—c
(P7) a < (a —b) — b;
(P8) 1 —a=a;
(P9) if b<cthena—b<a—c
(P10) if a < b then b — c < a — ¢;
(P11) a — (a — b) = a — b;
(P12) a — (b—c¢) =b— (a — ¢);

(P13) (b —¢) < (a—b) = (a = c);
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(P14) a - b< (b—c)— (a—c).
Proof :
(P5) by (P1) a — (b —a) =1, thena <b— a.

(P6) (=) Suppose a < b — ¢, then a — (b — ¢) = 1, and we have (a = (b — ¢)) = ((a —
b) = (a — ¢)) =1 (P2). Then by modus ponens: (a — b) — (a — ¢) = 1.

b<a—b (P1)
—b<a—c
(a—0b) <(a—c)

(<) Suppose b < a — ¢, then b — (a — ¢) = 1, hence (b — a) - (b — ¢) =1 (by
modus ponens and (P2))
{a <b—a (P1)

b—a<b—c

—a<b—ec

(P7) We have a - b < a — b, then a < (a — b) — b (by (P6)).

(P8) by (P7) a < (a — b) — b we replace a by 1 and b by a, we obtain 1 < (1 — a) — a,

hence (1 - a) »a=1,s01— a <a. And by (P5) we have a <1 — a.

l1—-a<a
Then — 11— a=a.

a<l—a

(P9) If b < c¢,then b - c¢=1. inthiscasea - (b > ¢)=a—1=1or (a > (b = ¢)) —
((a = b) — (a = ¢)) =1 (by (P2)), then by modus ponens (a — b) — (a — ¢) = 1.

Then if b < ¢, hence a > b < a — c.

(P10) If a < b, then a — b =1 and by (P2) we have (a — (b — ¢)) = ((a = b) = (a — ¢)) =1,
hence (a - (b - ¢)) = (1 = (a - ¢)) =1 but by (P8) 1 — (a = ¢) = (a — ¢). Then
(a—=(b—c)—=(a—=c)=1,5 (a—(b—=c) <(a—c)

b—c<a—(b—c) (by(P5H))
—b—-c<a—ec

a—(b—=c)<a—c
Then if a < b, hence b - ¢ < a — c.

(P11) We have (a — (b — ¢)) = ((a = b) — (a — ¢)) = 1 (P2) replace ¢ by b, we obtain
(a— (a—b)) = ((a—a) — (a— b)) =1 and then

(@a—=(a—=b)—=(1—=(@—=b))=1(a—a=1)

42



(P12)

(P13)

(P14)

(a—(a—=0b)—=>(a—=b=1(1—-(a—0b) = (a—b) by (P8)), then a — (a — b) <
a—b.
By (P1) we have (a =+ b) = (a — (a = b)) =1, thena - b < a — (a — b).

a—(a—=b<a—b
Then = a—(a—=b) =a—b

a—b<a—(a—0Db)

By (P2) we have (a — (b — ¢)) — ((a = b) = (a — ¢)) =1,

thena — (b —¢) < (a —b) = (a — ¢) (%)
b<a—b (by(Pl))
a—b<(a—(b—c)—(a—c) (by(P6))

—=b<(a = (b—c¢)— (a —
c)@a%(b%c)gb%(a—)c).
e In (%) we replace a by b and b by a, we obtain b — (a — ¢) < (b = a) — (b — ¢).

boasbo(a=c)=b—=e) (by(Po)) —a<(bo(a=c) = b—c) L
a<b—a (by(Pl))
b—(a—c)<a—(b—c)

a—(b—=c)<b— (a—c)
Then —a—(b—c)=b— (a—c).

b—=(a—c)<a— (b—c)

We have {a—>(b—>c)<(a—>b)—>(a—>c) (by(P2)) —=b—>c<(a—0b —(a—

b—oc<a—(b—c) (by(Pl))
c).
By (P13): (b = ¢) < (a — b) = (a — ¢) and (P6) we have then a — b < (b — ¢) —

(a —c).

3.3 Heyting algebra

Definition 3.3 (Heyting algebra).

A Heyting algebra is a lattice (E, <, A, V) satisfying: (p)Va,b € E, the set: {x € E :a ANz < b}

has a greatest element that will be denoted a — b pseudo complement of a with respect to b.

alN(a—b)<b

aNr<b<=axr<a—b

Example 3.4.
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1. Let X be a bounded chain with |X| > 3. We define a binary operation — on X by:

1 if x <y
r—y=

Y otherwise.
Then X is a Heyting algebra.

2. FEvery Boolean algebra is a Heyting algebra, with x — y given by =’ V y.

Definition 3.4.
A Heyting algebra A is said to be commutative if it satisfies (a — b) — b = (b — a) — a for

every a,b € A.

Proposition 3.5.

FEvery Heyting algebra is a distributive lattice.

Proof :
Let A a Heyting algebra, we prove (a Ab)V (a Ac)=aA (bV c) for all a,b,c € A.

b<bVe aNb<aA(bVec)
We have = = (aAb)V(aNnc)<aAn(bVec).
c<bVe aNc<aA(bVec)
aNb<(aAb)V(aNc) b<a— (aNb)V(aAec)
And we have — — bVvVe < a—
aNc<(aAb)V(aNc) c<a—=(aNb)V(aAc)

(anb)V(aNc)=aAN(bVec)<(anb)V(aAec).
<a

(@ND)V (aNc) A(bVe)
Then == aA(bVec)=(aAb)V(aNc).
aN(bVe)<(anb)V(aAc)

Remark 3.3.
o A Heyting algebra has a greatest element.
e A Heyting algebra has not necessarily a 0.

Proposition 3.6.

Fvery Heyting algebra is a positive itmplicative algebra.

Proof :
(P1): Let F' = {x:bA x < a}, the greatest element of F' is b — a.
We have b A a < a, then a € F, hence a < b — a. Consequently a — (b — a) = 1.

(P2): Wetake z =a —-b,y=a—cand z=5b — c.
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aNz=aAN(a—0b)<b
= aANzAN(a—z)<bAz=bA(b—c)<c
al(a—z)<z

= aNzA(a—z)<c
—xAN(a—2)<a—c
= asAN(a—2) <y
= a—>z<zT—>Y
—a—(b—c)<(a—b) = (a—c)
—a—>0b—¢c)—>(a—=b) = (a—c)=1.
a—b=1 a<b
(P3): - = a =b.
b—a=1 b<a
(P4) We have a < b <= a — b =1, then we replace b by 1, we obtain a <1 <=a— 1= 1.

Proposition 3.7.
A Heyting algebra has the following properties:

(H1) a — a = 1.
(H2) (a = c)AN(b—c) < (aVDb)—c.
(H3) a A (a—b)=aAb.
(H}) bA(a—b) =0.
(H5) a = (bAc) = (a—b)A(a— c).
Proof :
(H1) It suffices to see that a A 1 = a < a, this implies 1 < a — a, then a — a = 1.

(H2) an(a—c)AN(b—c) <aA(a—c)<c(because a = c < a—c)
bA(a—=c)N(b—¢c) <bA(b—c)<c (because b — ¢ <b— c)
= (aVbh)A(a = c)A(b— ¢) = (aN(a = c)A(b— ¢))V(bA(a = c)A(b— ¢)) < cVe=c.
Then we have (aVO)A(a—=c)AN(b—¢c)<c<= (a—=c)AN(b—c)<(aVb) —c

b<a—b
(H3) We have = aAb<aA(a—Db) (%).

a<a
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aN(a—0b)<b

And = alN(a—=b) <anb  (xx).
al(a—b)<a

Then (%) and (xx) give a A (a — b) = a Ab.

b<b
a—b<1l=a—>b<b—b(because b —+b=1)=bA (a = b) <b.

b<bA(a— D)
Then = bA(a—b) =0
bA(a—0b)<b

b<a—b
(H4) — b<bA(a—D)

(H5) e a—(bAc)<a—(bAc)<=aN(a— (bAc)) <bAc

{a/\(a—>(b/\c))<c {a—>(b/\c)<a—>c
—

= a— (bAc)<(a— DA
alA(a— (b—c)<b
(@ —c).
{(a—>b)/\(a—>c)<a—>b {a/\((a—>b)/\(a—>c))<b
° S

aN((a—=b)A(a—c))<c

a— (bAc)<a—b

a N ((a
(a—=b)A(a—c)<a—c - o=

b)A(a—c) <bANc<=(a—=b)AN(a—c)<a— (bAc).
- {a—>(b/\c)<(a—>b)/\(a—>c)

(a—=b)A(a—c)<a— (bAc)

—=a— (bAc)=(a—b)A(a—c).
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Conclusion

In this work, we have discussed some concepts of the ordered sets theory, lattices and Boolean
algebra.
And then we tried to study residuated lattice and we prove some of its properties.

We finished this work by Heyting algebra.
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